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The quantum Fisher information (QFI), as a function of quantum states, measures the amount of informa-
tion that a quantum state carries about an unknown parameter. The (entanglement-assisted) QFI of a quantum
channel is defined to be the maximum QFI of the output state assuming an entangled input state over a single
probe and an ancilla. In quantum metrology, people are interested in calculating the QFI of N identical copies
of a quantum channel when N → ∞, which we call the asymptotic QFI. It was known that the asymptotic
QFI grows either linearly or quadratically with N . Here we obtain a simple criterion that determines whether
the scaling is linear or quadratic. In both cases, the asymptotic QFI and a quantum error correction protocol
to achieve it are solvable via a semidefinite program. When the scaling is quadratic, the Heisenberg limit, a
feature once thought unique to unitary quantum channels, is recovered. When the scaling is linear, we show
the asymptotic QFI is still in general larger than N times the single-channel QFI and furthermore, sequential
estimation strategies provide no advantage over parallel ones.
I. INTRODUCTION
Quantum metrology studies parameter estimation in a
quantum system [1–5]. Usually, a quantum probe inter-
acts with a physical system and the experimentalist performs
measurements on the final probe state and infers the value
of the unknown parameter(s) in the system from the mea-
surement outcomes. It has wide applications in frequency
spectroscopy [6–9], gravitational-wave detectors [10–13] and
other high-precision measurements [14–18].
The quantum Fisher information (QFI), which is inversely
proportional to the minimum estimation variance, character-
izes the amount of information a quantum state carries about
an unknown parameter [19–22]. To explore the fundemental
limit on paremeter estimation, we usually consider the situa-
tion where the number of quantum channels N (or the prob-
ing time t) is large. The Heisenberg limit (HL), an O(N2)
(or O(t2)) scaling of the QFI, is the ultimate estimation limit
allowed by quantum mechanics. It could be obtained, for ex-
ample, using GHZ states in noiseless systems [9, 23]. On the
other hand, the standard quantum limit (SQL), an O(N) (or
O(t)) scaling of the QFI, usually appears in noisy systems and
could be achieved using product states. Much work has been
done towards determining whether or not the HL is achievable
for a given quantum channel and some necessary conditions
were derived [24–35].
In general, the asymptotic QFI achievable in a quantum sys-
tem follows either the HL or the SQL and there was not a uni-
fied approach to determine the scaling. For quantum channels
where the scalings are known, it is also crucial to understand
how to achieve the asymptotic QFI. For example, for unitary
channels, the HL is achievable and a GHZ state in the multi-
partite two-level systems consisting of the lowest and highest
energy states is optimal [23]. Under the effect of noise, a va-
riety of quantum strategies were also proposed to enhance the
QFI [8, 10, 36–50], but no conlcusions for general quantum
channels were drew. One natural question to ask is whether
entanglement between probes can improve the QFI. For ex-
ample, when estimating the noise parameter in teleportation-
covariant channels (e.g. Pauli or erasure channels) [25, 51–
53], it was shown that entanglement is unnecessary and prod-
uct states are sufficient to achieve the asymptotic QFI. How-
ever, when estimating the phase parameter in dephasing chan-
nels, product states are no longer optimal and the asymptotic
QFI is then achievable using spin-squeezed states [8, 29, 37].
Given a quantum channel, we aim to answer the following
two important questions: how to determine whether the HL
is achievable, and in both cases, how to find a metrological
protocol achieving the asymptotic QFI? In this paper, we an-
swer these two open problems by providing an optimal quan-
tum error correction (QEC) metrological protocol. QEC has
been a powerful tool widely used in quantum computing and
quantum communitation to protect quantum information from
noise [54–57]. In quantum metrology, QEC is also useful in
protecting quantum signal from quantum noise [30–32, 58–
71]. Here is a typical example: when a qubit is subject to a
Pauli-Z signal and a Pauli-X noise, the QFI follows the SQL
if no quantum control is added, but the HL is recoverable us-
ing fast and frequent QEC [58–63]. The result could be gener-
alized to any system with a signal Hamiltonian and Markovian
noise [31, 32]. These QEC protocols, however, can only esti-
mate Hamiltonian parameters and all rely on fast and frequent
quantum operations which have limited practical applications.
In this paper, we construct a two-dimensional QEC proto-
col which reduces every quantum channel to a single-qubit de-
phasing channel where both the phase and the noise parameter
could vary w.r.t. the unknown parameter. We first identify the
asymptotic QFI for all single-qubit dephasing channels and
then show that the asymptotic QFI of the logical dephasing
channel is no smaller than the one of the original quantum
channel after optimizing over the encoding and the recovery
channel, proving the sufficiency of our QEC protocol. Us-
ing the above proof strategy, we obtain the asymptoic theory
of quantum channel estimation, closing a long-standing open
question in theoretical quantum metrology. We also push one
step further towards achieving the ultimate estimation limit
in practical quantum sensing experiments by providing effi-
ciently solvable asymptotic QFIs and corresponding optimal
estimation protocols.
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2II. PRELIMINARIES AND MAIN RESULTS
The quantum Crame´r-Rao bound is a lower bound of the
estimation precision [19–22],
δω ≥ 1√
NexprF (ρω)
, (1)
where δω is the standard deviation of any unbiased estima-
tor of ω, Nexpr is the number of repeated experiments and
F (ρω) is the QFI of the state ρω . The quantum Crame´r-
Rao bound is saturable asymptotically (Nexpr  1) using
maximum likelihood estimators [72, 73]. Therefore, the QFI
is a good measure of the amount of information a quantum
state ρω carries about an unknown parameter. It is defined by
F (ρω) = Tr
(
L2ρω
)
, where L is a Hermitian operator called
the symmetric logarithmic derivative (SLD) satisfying
ρ˙ω =
1
2
(ρωL+ Lρω), (2)
where ?˙ denotes ∂?∂ω . We will use LA[B] to represent Her-
mitian operators satisfying B = 12 (LA + AL). Here L =
Lρω [ρ˙ω]. The QFI could also be equivalently defined through
purification [24]:
F (ρω) = 4 min|ψω〉:TrE(|ψω〉〈ψω|)=ρω
〈ψ˙ω|ψ˙ω〉 , (3)
where ρω ∈ S(HP), |ψω〉 ∈ S(HP ⊗HE),HP is the probe
system which we assume to be finite-dimensional, HE is an
arbitrarily large environmant andS(?) denotes the set of den-
sity operators in ?.
We consider a quantum channel Eω(ρ) =
∑r
i=1KiρK
†
i ,
where r is the rank of the channel. The entanglement-assisted
QFI of Eω (see Fig. 1a) is defined by,
F1(Eω) := max
ρ∈S(HP⊗HA)
F ((Eω ⊗ I)(ρ)). (4)
Here we utilize the entanglement between the probe and an
arbirarily large ancillary system HA. We will omit the word
“entanglement-assisted” in the definitions below for simplic-
ity. Practically, the ancilla is a quantum system with a long
coherence time, e.g. nuclear spins [62] or any QEC-protected
system [32]. It also helps simplify the complicated calculation
of the QFI. The convexity of QFI implies the optimal input
state is always pure. Using the purification-based definition
of the QFI (Eq. (3)), we have [24]
F1(Eω) = 4 max
ρ∈S(HP)
min
K′=uK
∀u, s.t. u†u=I
Tr(ρK˙′†K˙′) (5)
= 4 min
K′=uK
∀u, s.t. u†u=I
‖K˙′†K˙′‖ = 4 min
h∈Hr
‖α‖ , (6)
where ‖·‖ is the operator norm, Hr is the space of r ×
r Hermitian matrices and K = (K1, . . . ,Kr)T . K′ =
(K ′1, . . . ,K
′
r)
T = uK represents all possible Kraus repre-
sentations of Eω via isometric transformations u [24]. Let
h = iu†u˙ and α = K˙′†K˙′ = (K˙ − ihK)†(K˙ − ihK).
(a) (b)
(c)
FIG. 1. (a) The single-channel QFI F1(Eω) = maxρ F ((Eω ⊗
I)(ρ)). The ancillary system is assumed to be arbitrarily large.
(b) Parallel strategies. FN (Eω) = F1(E⊗Nω ) = maxρ F ((E⊗Nω ⊗
I)(ρ)) for N identical copies of Eω . (c) Sequential strategies. Let
FN (Eω,S ) be the QFI of the output state, given a sequential strategy
S which contains both an input state and quantum controls acting
between Eω . F(seq)N (Eω) = maxS FN (Eω,S ) is the optimal QFI
maximized over all sequential strategies. F(seq)N (Eω) ≥ FN (Eω).
The minimization could be performed over arbitrary Hermi-
tian operator h in Cr×r [28]. Any purification of the optimal
ρ in Eq. (5) is an optimal input state in HP ⊗HA. The prob-
lem could be solve via a semidefinite program (SDP) [28, 35]
(see also Appx. F). Note that the optimal input state would in
general depend on the true value of ω and in practice should
be chosen adaptively throughout the experiment [74, 75].
ConsiderN identical copies of the quantum channel Eω [24,
28] (see Fig. 1b), let
FN (Eω) := F1(E⊗Nω ) = max
ρ
F ((E⊗Nω ⊗ I)(ρ)). (7)
Clearly FN ≥ NF1 using the additivity of the QFI. An up-
per bound on FN (Eω) could be derived from Eq. (6) (see
Appx. A),
FN (Eω) ≤ 4 min
h
(
N ‖α‖+N(N − 1) ‖β‖2 ), (8)
where β = iK†(K˙− ihK). If there is an h such that β = 0,
FN (Eω) ≤ 4 min
h:β=0
N ‖α‖ , (9)
and FN (Eω) follows the SQL asymptotically. Therefore, it is
only possible to achievable the HL if H /∈ S, where
H = iK†K˙, S = spanH{K†iKj ,∀i, j}. (10)
Here spanH{·} represents all Hermitian operators which are
linear combinations of operators in {·}. We call it the HNKS
condition, an acronym for “Hamiltonian-not-in-Kraus-span”.
3One can check that H and β are always Hermitian by tak-
ing the derivative of K†K = I . Note that different Kraus
representations may lead to different H , but it does not af-
fect the validity of H /∈ S. For a unitary channel r = 1 and
K1 = Uω = e
−iHω, H = iU†ωU˙ω is exactly the Hamiltonian
for ω, explaining its name. The HL is achievable for unitary
channels because S = spanH{I} and we always have H /∈ S
for nontrivial H .
The metrological protocols we considered in Fig. 1b are
usually called parallel strategies where N identical quantum
channels act in parallel on a quantum state [29]. Researchers
also consider sequential strategies where we allow quantum
controls (arbitrary quantum operations) between each quan-
tum channels (see Fig. 1c). The QFI optimized over all possi-
ble inputs and quantum controls has the upper bound [29, 30],
F
(seq)
N (Eω) ≤ 4 min
h
(
N ‖α‖+
N(N − 1) ‖β‖ (‖β‖+ 2
√
‖α‖)
)
. (11)
Therefore, HNKS is also a necessary condition to achieve the
HL for sequential strategies. When violated, there exists an
h such that β = 0 and F(seq)N (Eω) has the same upper bound
(Eq. (9)) as FN (Eω). Sequential strategies are more power-
ful than parallel strategies because they can simulate parallel
strategies using the same input states and swap operators as
quantum controls.
We will show in Sec. V that HNKS is also a sufficient con-
dition to achieve the HL, giving the following theorem:
Theorem 1. FN (Eω) = Θ(N2) if and only if H /∈ S. Oth-
erwise, FN (Eω) = Θ(N). The statement is also true for
F
(seq)
N (Eω).
Furthermore, the QFI upper bound in Eq. (8) is achievable
asymptotically both when H ∈ S or H /∈ S, leading to the
following theorems:
Theorem 2. When H /∈ S,
FHL(Eω) := lim
N→∞
FN (Eω)/N2 = 4 min
h
‖β‖2 . (12)
There exists an input state |ψN 〉 solvable via an SDP such that
F ((E⊗Nω ⊗ I)(|ψN 〉))/N2 = FHL(Eω).
Theorem 3. When H ∈ S,
FSQL(Eω) := lim
N→∞
FN (Eω)/N = 4 min
h:β=0
‖α‖ . (13)
For any η > 0, there exists an input state |ψη,N 〉 solvable
via an SDP such that limN→∞ F ((E⊗Nω ⊗I)(|ψη,N 〉))/N >
FSQL(Eω)− η. Furthermore, F(seq)SQL (Eω) = FSQL(Eω).
Quantum channel estimation is closely related to quan-
tum channel discrimination which describes the task of dis-
tinguishing two quantum channels [33, 34, 76–80]. Theo-
rem 3 indicates that when HNKS is violated (which almost
surely happens statistically), there is no advantage of sequen-
tial strategies over parallel strategies asymptotically. A long-
standing open question in asymmetric quantum channel dis-
crimination which asks whether sequential strategies can out-
perform parallel strategies was also recently answered nega-
tively [81–85]. Our result is unique, however, because the dis-
crimination result mathematically comes from the chain rule
for quantum relative entropy [85] and the QFI cannot be char-
acterized as the limit of quantum relative entropy [76]. More-
over, we provide a constructive with explicit and efficiently
computable QEC metrological protocols achieving the chan-
nel QFI asymptotically, which might leads to further applica-
tions in quantum metrology.
Based on the previous discussion, in order to prove the the-
orems, it is sufficient to provide a QEC protocol using paral-
lel strategies which achieves the QFI upper bound (Eq. (8))
asymptotically both when H ∈ S or H /∈ S. Thus we will fo-
cus only on parallel strategies in the following. We first show
Theorem 2 and Theorem 3 are true for the generalized single-
qubit dephasing channels in Sec. III where both the phase and
the noise parameter vary w.r.t. ω. Then we will generalized
the results to arbitrary quantum channels Eω using a QEC pro-
tocol in Sec. IV-VI. The two steps are summarized in Fig. 2.
III. SINGLE-QUBIT DEPHASING CHANNELS
According to Eq. (8), FHL ≤ F(u)HL and FSQL ≤ F(u)SQL, where
F
(u)
HL := 4 minh ‖β‖2 and F(u)SQL := 4 minh:β=0 ‖α‖. (u) refers
to the upper bounds here. In this section, we will show the
above equalities hold for any single-qubit dephasing channel
Dω(ρ) = (1−p)e−
iφ
2 σzρe
iφ
2 σz+pσze
− iφ2 σzρe
iφ
2 σzσz, (14)
which is the composition of the conventional dephasing chan-
nel ρ 7→ (1− p)ρ+ pσzρσz (0 ≤ p < 1) and the rotion in the
z-direction ρ 7→ e− iφ2 σzρe iφ2 σz . Both p and φ are functions of
an unknown parameter ω. As shown in Appx. B, the HNKS
condition is equivalent to p = 0 and the QFI upper bounds for
Dω are
F
(u)
HL (Dω) = |ξ˙|2, F(u)SQL(Dω) = |ξ˙|
2
1− |ξ|2 , (15)
where ξ = 〈0| Dω(|0〉 〈1|) |1〉 = (1− 2p)e−iφ.
Now we show that FHL,SQL(Dω) = F(u)HL,SQL(Dω) and pro-
vide the optimal input states in both cases. When HNKS
is satisfied (p = 0), Dω is unitary. Using the GHZ state
|ψ0〉 = 1√2
( |0〉⊗N + |1〉⊗N ) as the input state, we could
achieve
F (D⊗Nω (|ψ0〉 〈ψ0|)) = |ξ˙|2N2, (16)
which implies FHL(Dω) = F(u)HL (Dω).
To calculate the optimal QFI when HNKS is violated (p >
0), we will use the following two useful formulae. For any
pure state input |ψ0〉 and output ρω = D⊗Nω (|ψ0〉 〈ψ0|), we
have, for all N ,
F (ρω) = Fp(ρω) + Fφ(ρω), (17)
4where Fp(ρω) = Tr(L2pρω) is the QFI w.r.t. ω when only the
noise parameter p varies w.r.t. ω, where the SLD Lp satisfies
1
2
∂ρω
∂p p˙ = Lpρω + ρωLp. Similarly, Fφ(ρω) is the QFI w.r.t.
ω when only the phase parameter φ varies w.r.t. ω. The proof
of Eq. (17) is provided in Appx. C. Another useful formula
is [86],
F (ρ) ≥ 1〈∆J2〉ρ
(
∂ 〈J〉ρ
∂ω
)2
, (18)
for arbitrary ρ as a function of ω and arbitrary Hermitian op-
erator J where 〈J〉ρ = Tr(Jρ) and 〈∆J2〉ρ = 〈J2〉ρ − 〈J〉2ρ.
Consider an N -qubit spin-squeezed state [37, 87]:
|ψµ,ν〉 = e−iνJxe−
iµ
2 J
2
z e−i
pi
2 Jy |0〉⊗N , (19)
where Jx,y,z = 12
∑N
k=1 σ
(k)
x,y,z with (k) denote operators on
the k-th qubit. Let |ψ0〉 = eiφJz |ψµ,ν〉. Using Eq. (17) and
Eq. (18), we have for ρω = D⊗Nω (|ψ0〉 〈ψ0|),
F (ρω) ≥ 1〈∆J2x〉ρω
(
∂ 〈Jx〉ρω
∂p
p˙
)2
+
1
〈∆J2y 〉ρω
(
∂ 〈Jy〉ρω
∂φ
φ˙
)2
. (20)
As shown in Appx. D, as N → ∞, with suitable choices of
(µ, ν), we have (up to the lowest order of N ), 〈∆J2x〉ρω ≈
〈∆Jy〉2ρω ≈ p(1 − p)N ,
∂〈Jx〉ρω
∂p p˙ ≈ −p˙N and
∂〈Jy〉ρω
∂φ φ˙ ≈
(1−2p)φ˙N/2. For example, we can choose µ = 4( 2N )5/6 and
ν = pi2 − 12 arctan
4 sin µ2 cos
N−2 µ
2
1−cosN−2 µ . The corresponding |ψµ,ν〉
is illustrated in Fig. 2e using the quasiprobability distribution
Q(θ, ϕ) = |〈θ, ϕ|ψµ,ν〉|2 on a sphere [87]. Therefore,
F (ρω) ≥ |ξ˙|
2
1− |ξ|2N + o(N), (21)
which implies FSQL(Dω) = F(u)SQL(Dω). Compared with
F1(Dω) (see Appx. B), FSQL(Dω) has a factor of 1/(4p(1−p))
enhancement when we estimate the phase parameter (p˙ = 0).
When we estimate the noise parameter (φ˙ = 0), however,
FSQL(Dω) = F1(Dω). In general, FSQL/F1 is between 1 and
1/(4p(1− p)).
To sum up, we proved Theorem 2 and Theorem 3 are true
for dephasing channels. The ancilla is not required here.
When the noise is non-zero, the QFI must follow the SQL and
there exists a spin-squeezed state achieving the QFI asymptot-
ically. In particular, the squeezing parameter should be tuned
carefully such that both the Jx and Jy variance are small such
that both the noise and the phase parameter are estimated with
the optimal precision.
IV. THE QEC PROTOCOL
In this section, we introduce a QEC protocol such that every
quantum channel simulates the dephasing channel introduced
probes
ancillae
noiseless logical qubits noisy logical qubits
logical GHZ state logical spin-squeezed state
! ∉ # ! ∈ #(a)
(b)
(c)
(d)
(e)
FIG. 2. The optimal metrological protocol. (a) The original physi-
cal system where we have N noisy probes and N noiseless ancillae.
Each pair of probe-ancilla subsystem (purple box) encodes a logical
qubit (see Sec. IV). (b,c) When H /∈ S, the logical qubits are noise-
less. We choose the GHZ state of N -logical qubits as the optimal
input. (d,e) When H ∈ S, each logical qubit is subject to an effec-
tive dephasing noise. We choose the spin-squeezed state of the N -
logical qubits with suitable parameters as the optimal input. We plot
the quasiprobability distribution Q(θ, ϕ) = |〈θ, ϕ|ψ〉|2 on a sphere
using coordinates (x, y, z) = (sin θ cosϕ, sin θ sinϕ, cos θ) [87],
where |θ, ϕ〉 = (cos θ
2
|0〉 + eiϕ sin θ
2
|1〉)⊗N . (Darker colors indi-
cate larger values.)
in Sec. III. To be specific, we find the encoding channel Eenc
and the recovery channelR such that
R ◦ Eω ◦ Eenc = DL,ω. (22)
The contruction fully utilizes the advantage of the ancilla.
Let dimHP = d and dimHA = 2d. We pick a QEC code
|0L〉=
d∑
i,j=1
A0,ij |i〉P |j, 0〉A , |1L〉=
d∑
i,j=1
A1,ij |i〉P |j, 1〉A ,
(23)
with the encoding channel is Eenc(·) = V (·)V † where V =
|0L〉 〈0|+ |1L〉 〈1|, and a recovery channel
R(·) =
M∑
m=1
(|0〉 〈Rm, 0|+ |1〉 〈Qm, 1|) (·)
(|Rm, 0〉 〈0|+ |Qm, 1〉 〈1|) . (24)
Here A0,1 are matrices in Cd×d satisfying Tr(A†0,1A0,1) = 1,
R = (|R1〉 · · · |RM 〉) and Q = (|Q1〉 · · · |QM 〉) are matrices
satisfying RR† = QQ† = I . The last ancillary qubit in HA
guarantees the logical channel to be dephasing, which satisfies
ξ =
∑
i,m
〈Rm, 0|Ki |0L〉 〈1L|K†i |Qm, 1〉 , (25)
and FHL,SQL(DL,ω) could then be directly calculated using
Eq. (15). Note that in this paper we use Ki as a substitute
5for Ki ⊗ I for the simplicity of notations. Below, we will
show that by optimizing FHL,SQL(DL,ω) over both the recov-
ery channel (R,Q) and the QEC code (A0,1), the QFI upper
bounds F(u)HL,SQL(Eω) are achievable.
V. ACHIEVING THE HL UPPER BOUND
When H /∈ S, we construct a QEC code such that the HL
upper bound F(u)HL (Eω) is achieved. For dephasing channels,
the HL is achievable only if |ξ| = 1. Since any transformation
R← eiϕR does not affect the QFI, without loss of generality
(WLOG), we assume ξ = 1. It means that the QEC has to be
perfect, i.e. satisfies the Knill-Laflamme condition [55]
PK†iKjP ∝ P, ∀i, j, (26)
where P = |0L〉 〈0L| + |1L〉 〈1L|. Moreover, there exists a
Kraus representation {K ′i}r
′
i=1 such that PK
′†
i K
′
jP = µiδijP
and K ′iP = Ui
√
µiP . The unitary Ui has the form
Ui = U0,i ⊗ |0〉 〈0|+ U1,i ⊗ |1〉 〈1| , (27)
where U0,i and U1,i are also unitary. Let
|Ri〉 = 〈0|Ui |0L〉 , |Qi〉 = 〈0|Ui |0L〉 , (28)
for 1 ≤ i ≤ r′. We could also add some additional |Ri〉 and
|Qi〉 to them to make sure they are two complete and orthonor-
mal bases. Then one could verify that ξ = 1 and
ξ˙ = −iTr((H ⊗ I)σz,L), (29)
where σz,L = |0L〉 〈0L| − |1L〉 〈1L|. Let C˜ = A0A†0 − A1A†1,
ξ˙ = −iTr(HC˜) and the Knill-Laflamme condition is equiv-
alent to Tr(C˜S) = 0, ∀S ∈ S. The optimization of the QFI
over the QEC code becomes
maximize |ξ˙| = |Tr(HC˜)|, (30)
subject to ‖C˜‖1 ≤ 2, Tr(C˜S) = 0, ∀C˜ ∈ Hd, S ∈ S, (31)
where ‖·‖1 is the trace norm. A similar SDP problem
was considered in Ref. [32]. The optimal |ξ˙| is equal to
2 minS∈S ‖H − S‖ and the optimal C˜ could be solved via
an SDP. Any A0, A1 such that C˜ is optimal would achieve the
optimal QFI. It means there exists an encoding, and therefore
an optimal input state |ψN 〉 which is the logical GHZ state,
such that
lim
N→∞
F ((E⊗Nω ⊗ I)(|ψN 〉))
N2
= 4 min
S∈S
‖H − S‖2 . (32)
Clearly, 4 minS∈S ‖H − S‖2 = 4 minh ‖β‖2 = F(u)HL (Eω),
where we used the fact that for any S ∈ S there exists an
h ∈ Hr such that S = K†hK and vice versa. Theorem 2 is
then proven. Note that, given the optimal C˜, we can always
choose A0A
†
0 and A1A
†
1 with orthogonal supports and the last
ancillary qubit inHA could be removed because |0L〉 and |1L〉
in this case could be distinguished using projections onto the
orthogonal supports in HA [32]. Therefore a d-dimensional
ancillary system is sufficient.
We have demonstrated the QEC code achieving the optimal
HL for arbitrary quantum channels. The code is designed to
satisfy the Knill-Laflamme condition and optimize the QFI.
The logical dephasing channel is exactly the identity channel
at the true value of ω and any change in ω results in a de-
tectable phase, allowing it to be estimated at the HL.
VI. ACHIEVING THE SQL UPPER BOUND
When H ∈ S , the situation is much more complicated be-
cause when |ξ| = 1 we must also have |ξ˙| = 0 and no signal
could be detected. Therefore we must consider the trade-off
between maximizing the signal and minimizing the noise. To
be exact, we want to maximize
FSQL(DL,ω) = |ξ˙|
2
1− |ξ|2 . (33)
We will show for any η > 0, there exists a near-optimal code
and recovery such that FSQL(DL,ω) > F(u)SQL(Eω) − η, proving
Theorem 3. We only consider the case where FSQL(Eω) >
F1(Eω) > 0 because otherwise F1(Eω) = FSQL(Eω) and prod-
uct states are sufficient to achieve FSQL(Eω). Detailed deriva-
tions could be found in Appx. E and we sketch the proof
here. To simplify the calculation, we consider a special type
of code, the perturbation code, first introduced in Ref. [50],
where
A0 =
√
1− ε2C + εD, A1 =
√
1− ε2C − εD, (34)
satisfying Tr(C†D) = 0 and Tr(C†C) = Tr(D†D) = 1. In
this section, we define C˜ = CD†+DC† (differed by a factor
of ε
√
1− ε2 from the C˜ defined in Sec. V) and also assume
C is full rank so that C˜ could be an arbitrary Hermitian ma-
trix. ε is a small parameter and we will calculate FSQL(DL,ω)
up to the lowest order of ε. We adopt the small ε treatment
because it allows us to mathematically simplify the optimiza-
tion of Eq. (33), though it is surprising that the optimal QFI
is achievable in such a regime where both the signal and the
noise are small. Heuristically, it cames from an observation
that sometimes the absolute strengths of the signal and the
noise are not important—they could cancel each other out in
the numerator and the demoninator and only the ratio between
them matters. See [50, Appx. G] for an example.
To proceed, we first introduce the vectorization of matrices
|?〉〉 = ∑ij ?ij |i〉 |j〉 for all ? ∈ Cd×d to simplify the nota-
tions. We define E0,1 =
√
1− ε2E ± εF ∈ Cd2×r where
E = (|K1C〉〉 · · · |KrC〉〉
)
, F = (|K1D〉〉 · · · |KrD〉〉
)
, (35)
satisfying Tr(E†F ) = 0 and Tr(E†E) = Tr(F †F ) = 1. Let
the recovery matrix T = QR† ∈ Cd2×d2 , then
ξ = Tr(TE0E
†
1), ξ˙ = Tr(TE˙0E
†
1) + Tr(TE0E˙
†
1). (36)
6We consider the regime where both the signal and the
noise are sufficiently small—both the denominator and the
numerator in Eq. (33) will be O(ε2). The recovery ma-
trix T should also be close to the identity operator. We as-
sume T = eiεG where G is Hermitian and let σ = EE†,
σ˜ = i(FE† − EF †). Expanding T,E0, E1 around ε = 0, we
first optimize FSQL(DL,ω) over all possible G, which gives (up
to the lowest order of ε),
FSQL(DL,ω) ≈ max
G
|Tr(Gσ˙)|2
− 14 |Tr(Gσ˜)|2 + 〈∆G2〉σ
. (37)
The maximization could be calculated by taking the derivative
w.r.t. G. We can show that the optimal G is
Gopt = (4− Tr(Lσ[σ˜]σ˜))Lσ[σ˙] + Tr(Lσ[σ˙]σ˜)Lσ[σ˜], (38)
and the corresponding optimal QFI is
FSQL(DL,ω) ≈ Tr(Lσ[σ˙]σ˙) + Tr(Lσ[σ˙]σ˜)
2
4− Tr(Lσ[σ˜]σ˜) . (39)
Now FSQL(DL,ω) is a function of the code (C andD) only. We
will further simplify by writing it as a function of only C and
C˜. Let τ = E†E, τ˜ = E†F +F †E, τ ′ = iE†E˙− iE˙†E such
that
τij = Tr(C
†K†iKjC), τ˜ij = Tr(C˜K
†
iKj), (40)
τ ′ij = iTr(C
†K†i K˙jC)− iTr(C†K˙†iKjC). (41)
Then we can verify that
Tr(Lσ[σ˙]σ˙) = 4Tr(C
†K˙†K˙C)− Tr(Lτ [τ ′]τ ′), (42)
Tr(Lσ[σ˙]σ˜) = −2Tr(C˜H) + Tr(Lτ [τ ′]τ˜), (43)
Tr(Lσ[σ˜]σ˜) = 4− Tr(Lτ [τ˜ ]τ˜). (44)
and
FSQL(DL,ω) ≈ f(C, C˜) = 4Tr(C†K˙†K˙C)
− Tr(Lτ [τ ′]τ ′) + (−2Tr(C˜H) + Tr(Lτ [τ
′]τ˜))2
Tr(Lτ [τ˜ ]τ˜)
.
(45)
At this stage, it is not obvious why the maximization of
FSQL(DL,ω) over C and C˜ is equal to F(u)SQL(Eω). To see that,
we need to reformulate the SQL upper bound using its dual
program. First we note that
F
(u)
SQL(Eω) = max
C:Tr(C†C)=1
min
h:β=0
4Tr(C†αC), (46)
where we are allowed to exchange the order of maxi-
mization and minimization thanks to Sion’s minimax theo-
rem [88, 89]. Fixing C, we consider the optimization prob-
lem minh:β=0 4Tr(C†αC). When C is full rank, we can
show that it is equivalent to maxC˜∈Hd f(C, C˜), where C˜ is
introduced as the Lagrange multiplier associated with the con-
straint β = 0 [90] and the optimal C˜ is traceless.
The procedure to find a near-optimal code such that
FSQL(DL,ω) > F(u)SQL(Eω)− η for any η > 0 goes as follows:
(1) Find a full rank C such that Tr(C†C) = 1 and
minh:β=0 4Tr(C
†αC) > F(u)SQL(Eω)− η/2.
(2) Find a Hermitian C˜ such that f(C, C˜) is maximized and
let D = 12C
−1C˜. Rescale D such that Tr(D†D) = 1.
(3) Calculate FSQL(DL,ω)|C=C,D=D using Eqs. (34)-(36)
and Eq. (38). Find a small ε > 0 such that FSQL(DL,ω) >
f(C, C˜)− η/2.
The numerical algorithms for step (1) and (2) are provided in
Appx. F, where the most computationally intensive part is a
SDP.
To conclude, we proposed a perturbation code which could
achieve the SQL upper bound with an arbitrarily small error.
We take the limit where the parameter ε which distinguishes
the logical zero and one states is sufficiently small. Note that
if we take ε = 0, the probe state will be a product state and
we can only achieve F1(DL,ω). This discontinuity appears
because we must first take the limitN →∞ before taking the
limit ε → 0 and the impact of a small ε becomes significant
in the asymptotic limit.
VII. EXAMPLES
A. Depolarizing channels
In this section, we calculate F1, FSQL and FHL for depolar-
izing channels Nω(ρ) = N (Uω(ρ)) where
N (ρ) = (1− p)ρ+ pxσxρσx + pyσyρσy + pzσzρσz, (47)
px,y,z ≥ 0, p = px + py + pz < 1 and Uω(·) =
e−
iω
2 σz (·)e iω2 σz .
First, we notice that HNKS is satisfied if and only if px =
pz = 0 or py = pz = 0. When HNKS is satisfied, FHL(Nω) =
1. It is the same as the FHL when there is no noise (p = 0)
because the Kraus operator (σx or σy) is perpendicular to the
Hamiltonian (σz) and could be fully corrected. It is consistent
with previous results for single-qubit Hamiltonian estimation
that the HL is achievable if and only if the Markovian noise is
rank-one and not parallel to the Hamiltonian [30, 58–63]. As
calculated in Appx. G,
F1(Nω) = 1− w, (48)
where w = 4
(
pxpy
px+py
+ (1−p)pz1−p+pz
)
≤ 1. When HNKS is vio-
lated,
FSQL(Nω) = (1− w)/w. (49)
In the equations above, when px = py = 0, we take
pxpy
px+py
=
0, in which case Nω becomes the dephasing channel intro-
duced in Sec. III where φ = ω and p is independent of ω.
We observe that
FSQL(Nω) = F1(Nω)/w ≥ F1(Nω), (50)
7FIG. 3. Plots of F1(Nω) and FSQL(Nω) as functions of px and py
when pz = 0.1. The lower left and upper right part are the plots of
F1(Nω) and FSQL(Nω) respectively.
and the equality (w = 1) holds if and only if px = py and
pz + px = 1/2, in which case FSQL(Nω) = F1(Nω) = 0
and Nω = N becomes a mixture of a completely dephasing
channel and a completely depolarizing channel [91] where ω
cannot be detected.
FSQL(Nω) is in general non-additive. In particular, when
p  1, we have w  1 and FSQL(Nω)  F1(Nω). We
also illustrate the difference between FSQL(Nω) and F1(Nω)
in Fig. 3 by plotting FSQL(Nω), F1(Nω) as a function of px
and py when pz = 0.1. FSQL(Nω) = F1(Nω) = 0 at
(px, py, pz) = (0.4, 0.4, 0.1). The ratio FSQL(Nω)/F1(Nω)
increases near the boundary of px + py < 0.9.
B. U-covariant channels
LetU = {Ui}ni=1 ⊂ Cd×d be a set of unitary operators such
that for some probability distribution {pi}ni=1, {(pi, Ui)}ni=1
is a unitary 1-design [92], satisfying
n∑
i=1
piUiAU
†
i = Tr(A)
I
d
, ∀A ∈ Cd×d. (51)
For example, when U is a unitary orthonormal basis of Cd×d,
{( 1d2 , Ui)}d
2
i=1 is a unitary 1-design. Given a quantum channel
Tω(·) =
∑r
i=1Ki(·)K†i , we call it U-covariant if for all U ∈
U, there is a unitary V (independent of ω) such that
Tω(UρU†) = V Tω(ρ)V †. (52)
It was shown that F1(Tω) = FSQL(Tω) when Tω isU-covariant
using the teleportation simulation technique [51, 52, 93, 94].
Here we provide an alternative proof using only the definitions
of F1 and FSQL in the minimax formulation.
Let h be a solution of minh maxρ 4Tr(ρα). As ex-
plained in Appx. F, for every ρ which is a solution of
maxρ minh 4Tr(ρα), (h , ρ ) is a saddle point, i.e.
4Tr(ρα ) ≤ 4Tr(ρ α ) ≤ 4Tr(ρ α), (53)
for all ρ and h, where α = α|h=h . Then |C 〉〉 ∈ HP ⊗
HA is an optimal input state of a single quantum channel Tω ,
if and only if ρ = C C † satisfies Eq. (53). According to
Eq. (52), if |C 〉〉 is an optimal input, |UC 〉〉 = (U ⊗ I)|C 〉〉
is also an optimal input for all U ∈ U and satisfies Eq. (53).
Then
∑n
i=1 piUiρ U
†
i =
I
d also satisfies Eq. (53), implying
the maximally entangled state | Id 〉〉 is an optimal input for Tω .
The discussion above also works for T ⊗Nω because T ⊗Nω is
U⊗N -covariant and {(Πkpik ,⊗kUik)} is a unitary 1-design
on CNd×Nd. Therefore | I
dN
〉〉 is an optimal input for T ⊗Nω ,
which imples FN (Tω) = NF1(Tω).
VIII. CONCLUSIONS AND OUTLOOK
In this paper, we focus on the asymptotic behaviour of the
QFI of a quantum channel when the number of identical chan-
nels N is infinitely large. We consolidate the HNKS condi-
tion by showing it unambiguously determines whether or not
the scaling of the asymptotic QFI is quadratic or linear. In
both cases, we show that the optimal input state achieving
the asymptotic QFI could be solved via an SDP. To find the
optimal input state, we reduce every quantum channel to a
single-qubit dephasing channel where both the phase and the
noise parameter vary w.r.t. the unknown parameter and then
optimize the asymptotic QFI of the logical dephasing chan-
nel over the encoding and the recovery channel. The opti-
mal input state is either the logical GHZ state (when HNKS
is satisfied) or the logical spin-squeezed state (when HNKS is
violated). This provides a unified framework for channel esti-
mation while previous results were centered on either Hamil-
tonian estimation or noise estimation in special situations.
Furthermore, our results implies that when HNKS is vio-
lated, sequential strategies provide no advantage over parallel
strategies asymptotically. However, it is unsolved whether the
statement is true when HNKS is satisfied. It was proven true
only for unitary channels [23] and there is still a gap between
FHL(Eω) and the state-of-the-art upper bounds on F(seq)HL (Eω)
for general quantum channels [29, 30, 33, 34]. The regular-
ized channel QFI FSQL(Eω), on the other hand, is a useful
information-theoretic measure and was recently shown to be
useful in deriving bounds in covariant QEC [95]. It can also
serve as a useful benchmark for practical quantum metrolog-
ical tasks—one could compare the attainable Fisher informa-
tion with FSQL(Eω) to determine how far a metrological proto-
col is from optimal. Moreover, we propose a two-dimensional
QEC protocol to achieve FSQL(Eω), where the optimal input
state is a concatenation of many-body spin-squeezed states
and two-dimensional QEC codes (Fig. 2). It allows us to re-
duce the optimization in the entire Hilbert space which is ex-
ponentially large to that in a local Hilbert space, providing
a new inspiration for numerical methods in quantum metrol-
ogy [49, 67, 96–98].
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Appendix A: Deriving the upper bound on FN (Eω)
For completeness, we provide a proof [24] of Eq. (8) in the main text. Let K(1)i = Ki for i ∈ [r], where [r] = {1, 2, . . . , r}.
Inductively, let
K(n+1)ι = K
(n)
ι1 ⊗K(1)ι2 , ∀ι = (ι1, ι2) ∈ [r]n × [r]. (A1)
{K(n)ι }ι∈[r]n is a Kraus representation of E⊗nω for all n. Then let α(n) =
∑
ι1
K˙
(n)†
ι1 K˙
(n)
ι1 , β
(n) = i
∑
ι1
K
(n)†
ι1 K˙
(n)
ι1 , we have
α(n+1) =
∑
ι1,ι2
(
∂(K
(n)
ι1 ⊗K(1)ι2 )
∂ω
)†(
∂(K
(n)
ι1 ⊗K(1)ι2 )
∂ω
)
= α(n) ⊗ I + 2β(n) ⊗ β(1) + I ⊗ α(1), (A2)
β(n+1) = i
∑
ι1,ι2
(
∂(K
(n)
ι1 ⊗K(1)ι2 )
∂ω
)†
(K(n)ι1 ⊗K(1)ι2 ) = β(n) ⊗ I + I ⊗ β(1). (A3)
The solution is β(N) =
∑N−1
k=0 I
⊗k ⊗ β(1) ⊗ I⊗N−1−k and
α(N) =
N−1∑
k=0
I⊗k ⊗ α(1) ⊗ I⊗N−1−k + 2
N−2∑
k1=0
N−2−k1∑
k2=0
I⊗k1 ⊗ β(1) ⊗ I⊗k2 ⊗ β(1) ⊗ I⊗N−2−k1−k2 . (A4)
Therefore, FN (Eω) ≤ 4‖α(N)‖ ≤ 4N‖α(1)‖+ 4N(N − 1)‖β(1)‖2 and the inequality holds for any Kraus representation of Eω .
We can chooseK′ = uK, then
FN (Eω) ≤ 4 min
h
(
N‖α‖+N(N − 1)‖β‖2) , (A5)
where h = iu†u˙ is an arbitrary Hermitian matrix, α = K˙′†K˙′ = (K˙− ihK)†(K˙− ihK) and β = iK′†K˙′ = iK†(K˙− ihK) .
Appendix B: Calculating the QFI upper bounds for dephasing channels
Here we calculate F(u)HL = 4 minh ‖β‖2 and F(u)SQL = 4 minh:β=0 ‖α‖ for dephasing channels
Dω(ρ) = (1− p)e−
iφ
2 σzρe
iφ
2 σz + pσze
− iφ2 σzρe
iφ
2 σzσz =
2∑
i=1
KiρK
†
i . (B1)
where K1 =
√
1− pe− iφ2 σz ,K2 = √pσze− iφ2 σz . Assume p > 0, then
K =
(√
1− pe− iφ2 σz√
pσze
− iφ2 σz
)
, K˙ =
(( −p˙
2
√
1−p −
√
1− p iφ˙2 σz
)
e−
iφ
2 σz(
p˙
2
√
p −
√
p iφ˙2 σz
)
e−
iφ
2 σzσz
)
, (B2)
K˙− ihK =
(( −p˙
2
√
1−p − ih11
√
1− p−√1− p iφ˙2 σz − ih12
√
pσz
)
e−
iφ
2 σz(
p˙
2
√
pσz − ih22
√
pσz −√p iφ˙2 − ih21
√
1− p)e− iφ2 σz
)
, (B3)
β = iK†(K˙− ihK) = φ˙
2
σz + (1− p)h11 + ph22 +
√
p(1− p)(h12 + h21)σz, (B4)
α = (K˙− ihK)†(K˙− ihK)
=
p˙2
4p(1− p) + h
2
11(1− p) + h222p+
φ˙2
4
+ |h12|2 + 2
√
p(1− p)φ˙Re[h12]
+ 2Re
[
− p˙
√
p√
1− pih12 + ((1− p)h11 + h22p)
φ˙
2
+ (h11h12 + h22h21)
√
p(1− p)− i p˙
√
1− p√
p
h21
]
σz.
(B5)
β = 0 is equivalent to (1− p)h11 + ph22 = 0 and φ˙2 +
√
p(1− p)(h12 + h21) = 0, which is achievable for any p > 0. When
h11 = h22 = 0 and h12 = h21 = − φ˙
4
√
p(1−p) , ‖α‖ = minh:β=0 ‖α‖ =
(1−2p)2φ˙2
16p(1−p) +
p˙2
4(1−p)p . Then
F
(u)
SQL(Dω) = 4 min
h:β=0
‖α‖ = (1− 2p)
2φ˙2
4p(1− p) +
p˙2
(1− p)p =
|ξ˙|2
1− |ξ|2 , (B6)
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where ξ = (1− 2p)e−iφ = 〈0| Dω(|0〉 〈1|) |1〉 is a complex number completely determining the channel.
When p = 0, we must also have p˙ = 0. Then β = φ˙2σz + h11 and
F
(u)
HL (Dω) = 4 min
h
‖β‖2 = |φ˙|2 = |ξ˙|2. (B7)
We can also calculate the channel QFI
F
(u)
1 (Dω) = 4 min
h
‖α‖ =
{
(1− 2p)2φ˙2 + p˙2(1−p)p , p > 0,
(1− 2p)2φ˙2, p = 0. (B8)
It could be achieved using |ψ0〉 = |0〉+|1〉√2 .
Appendix C: A useful formula for calculating the QFI of dephasing channels
In this appendix, we prove Eq. (17) in the main text. Let |ψ〉 = e−iφJz |ψ0〉 and a subspace
Z = span
{ N∏
k=1
(σ(k)z )
jk |ψ〉 , (j1, . . . , jN ) ∈ {0, 1}N
}
. (C1)
Assume dimZ = n. Z must have an orthonormal basis {|e`〉}n`=1 where |e`〉 =
∑1
j1,...,jN=0
r`,(j1,...,jN )
∏N
k=1(σ
(k)
z )jk |ψ〉with
real r`,(j1,...,jN ). For example, one can use the Gram-schmidt procedure to find {|e`〉}n`=1 because 〈ψ|
∏N
k=1(σ
(k)
z )jk |ψ〉 ∈ R
for all (j1, . . . , jN ) ∈ {0, 1}⊗N .
Then
ρω = D⊗Nω (|ψ0〉 〈ψ0|) = (Dω|φ=0)⊗N (|ψ〉 〈ψ|)
=
1∑
j1,...,jN=0
(1− p)(N−
∑N
k=1 jk)p(
∑N
k=1 jk)
N∏
k=1
(σ(k)z )
jk |ψ〉 〈ψ|
N∏
k=1
(σ(k)z )
jk =
n∑
`,`′=1
χ``′ |e`〉 〈e`′ |
(C2)
where χ ∈ Rn×n is a symmetric matrix. χ = ∑ni=1 µivivTi where vi are real orthonormal eigenvectors of χ. Then we can write
ρω =
∑n
`=1 µ` |ψ`〉 〈ψ`| where |ψ`〉 =
∑n
`′=1 v``′ |e`′〉. Then according to the definition of QFI,
F (ρω) = 2
∑
``′:µ`+µ`′ 6=0
|〈ψ`| ρ˙ω |ψ`′〉|2
µ` + µ`′
. (C3)
Note that in principle Eq. (C3) only holds true when {|ψ`〉} is a complete basis ofH⊗NP , that is, span{|ψ`〉} = H⊗NP . However,
here we only consider all states in the subspace Z because ΠZ ρ˙ωΠZ = ρ˙ω .
The derivative of ρω w.r.t. ω is
ρ˙ω =
∂ρω
∂p
p˙+
∂ρω
∂φ
φ˙ =
1∑
j1,...,jN=0
∂(1− p)(N−
∑N
k=1 jk)p(
∑N
k=1 jk)
∂ω
N∏
k=1
(σ(k)z )
jk |ψ〉 〈ψ|
N∏
k=1
(σ(k)z )
jk
+
1∑
j1,...,jN=0
(1− p)(N−
∑N
k=1 jk)p(
∑N
k=1 jk)
N∏
k=1
(σ(k)z )
jk
∂ |ψ〉 〈ψ|
∂ω
N∏
k=1
(σ(k)z )
jk .
(C4)
Then we have
〈ψ`| ρ˙ω |ψ`′〉 = a``′ + ib``′ , (C5)
where a``′ = 〈ψ`| ∂ρω∂p p˙ |ψ`′〉 ∈ R, b``′ = 〈ψ`| ∂ρω∂φ φ˙ |φ`′〉 ∈ R. Therefore,
F (ρω) = 2
∑
``′:µ`+µ`′ 6=0
|〈ψ`| ρ˙ω |ψ`′〉|2
µ` + µ`′
= 2
∑
``′:µ`+µ`′ 6=0
|a``′ |2 + |b``′ |2
µ` + µ`′
= Fp(ρω) + Fφ(ρω), (C6)
which is the same as Eq. (17) in the main text.
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Appendix D: Optimal squeezed state for dephasing channels
Let the input state |ψ0〉 = eiφJz |ψµ,ν〉, where |ψµ,ν〉 is an N -qubit spin-squeezed state
|ψµ,ν〉 = e−iνJxe−
iµ
2 J
2
z e−i
pi
2 Jy |0〉⊗N . (D1)
The output state is ρω = D⊗Nω (|ψ0〉 〈ψ0|) = (Dω|φ=0)⊗N (|ψ〉 〈ψ|). Then
〈Jx,y〉ρω = (1− 2p) 〈Jx,y〉|ψµ,ν〉 , (D2)
〈J2x,y〉ρω =
N
4
+ (1− 2p)2
(
〈J2x,y〉|ψµ,ν〉 −
N
4
)
, (D3)
∂〈Jx〉ρω
∂p
p˙ = −2p˙ 〈Jx〉|ψµ,ν〉 ,
∂〈Jy〉ρω
∂φ
φ˙ = (1− 2p)φ˙ 〈Jx〉|ψµ,ν〉 . (D4)
It was shown in Ref. [87] that choosing ν = pi2 − 12 arctan ba ,
〈Jx〉|ψµ,ν〉 =
N
2
cos(µ/2)N−1, 〈Jy〉|ψµ,ν〉 = 0, (D5)
〈∆J2x〉|ψµ,ν〉 =
N
4
(
N
(
1− cos2(N−1) µ
2
)
−
(
N − 1
2
)
a
)
, (D6)
〈∆J2y 〉|ψµ,ν〉 =
N
4
(
1 +
N − 1
4
(
a−
√
a2 + b2
))
, (D7)
where a = 1− cosN−2 µ, b = 4 sin µ2 cosN−2 µ2 . Let N  1, µ = Θ(N−5/6), then
〈Jx〉|ψµ,ν〉 ≈
N
2
, 〈∆J2x〉|ψµ,ν〉 ≈ O(N2/3), 〈∆J2y 〉|ψµ,ν〉 ≈ O(N
2/3), (D8)
and 〈∆J2x〉ρω ≈ 〈∆Jy〉
2
ρω
≈ p(1− p)N , ∂〈Jx〉ρω∂p p˙ ≈ −p˙N and
∂〈Jy〉ρω
∂φ φ˙ ≈ (1− 2p)φ˙N/2.
Appendix E: Optimizing the QFI when HNKS is violated
In this appendix, we optimize the QFI
FSQL(DL,ω) = |ξ˙|
2
1− |ξ|2 (E1)
using Eqs. (35)-(36). We expand T and E0E
†
1 around ε = 0
T = eiεG = 1 + iεG− ε
2
2
G2 +O(ε3), (E2)
E0E
†
1 = (1− ε2)EE† + ε
√
1− ε2(EF † − FE†)− ε2FF † = σ + iεσ˜ − ε2(FF † + EE†) +O(ε3), (E3)
where σ = EE† and σ˜ = i(FE† − EF †). Then
Tr(TE0E
†
1) = 1− 2ε2 −
ε2
2
Tr(G2σ) + iεTr(Gσ)− ε2Tr(Gσ˜) +O(ε3), (E4)
Tr(T (E˙0E
†
1 + E0E˙
†
1)) = iεTr(Gσ˙) +O(ε
2), (E5)
where we used Tr(F †F ) = 1 and Tr(σ˜) = 0 because Tr(E†F ) = 0. Then
FSQL(DL,ω) = max
G
|Tr(Gσ˙)|2
4 + 2Tr(Gσ˜) + Tr(G2σ)− |Tr(Gσ)|2 +O(ε) (E6)
= max
G,x
|Tr(Gσ˙)|2
4x2 + 2xTr(Gσ˜) + Tr(G2σ)− |Tr(Gσ)|2 +O(ε) (E7)
= max
G
|Tr(Gσ˙)|2
− |Tr(Gσ˜)|24 +
(
Tr(G2σ)− |Tr(Gσ)|2 ) +O(ε), (E8)
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shown as Eq. (37) in the main text, where in the second step we used the fact that any rescaling of G (G ← G/x) should not
change the optimal QFI.
To find the optimal G, we first observe that Tr(σ˙) = Tr(σ˜) = 0. Therefore, WLOG, we assume Tr(Gσ) = 0 because
G← G− Tr(G) Ir does not change the target function. Let the derivative of Eq. (E8) be zero, we have
2σ˙
(
Tr(G2σ)− |Tr(Gσ˜)|
2
4
)
− Tr(Gσ˙)
(
(σG+Gσ)− 2Tr(Gσ˜)σ˜
4
)
= 0, (E9)
⇔ σ˙
Tr(Gσ˙)
(
Tr(G2σ)− |Tr(Gσ˜)|
2
4
)
+
Tr(Gσ˜)σ˜
4
=
1
2
(σG+Gσ), (E10)
⇔ G = Lσ[xσ˙ + yσ˜], 4y = Tr(Gσ˜) = Tr(Lσ[xσ˙ + yσ˜]σ˜), (E11)
⇐ x = 4− Tr(Lσ[σ˜]σ˜), y = Tr(Lσ[σ˙]σ˜). (E12)
Note that in Eq. (E11) we used xσ˙+ yσ˜ = 12 (Gσ+σG) and Tr(G
2σ) = Tr(G(xσ˙+ yσ˜)). Plug the optimal G = Lσ[xσ˙+ yσ˜]
into Eq. (E8) where x, y satisfies Eq. (E12), we get
FSQL(DL,ω) = Tr(Lσ[σ˙]σ˙) + Tr(Lσ[σ˙]σ˜)
2
4− Tr(Lσ[σ˜]σ˜) +O(ε), (E13)
shown as Eq. (39) in the main text.
Next we express Tr(Lσ[σ˙]σ˙), Tr(Lσ[σ˙]σ˜) and Tr(Lσ[σ˜]σ˜) in terms of C and C˜. Let τ = E†E, τ˜ = E†F + F †E, τ ′ =
iE†E˙ − iE˙†E such that
τij = Tr(C
†K†iKjC), τ˜ij = Tr(C˜K
†
iKj), (E14)
τ ′ij = iTr(C
†K†i K˙jC)− iTr(C†K˙†iKjC). (E15)
WLOG, assume τij = Tr(C†K
†
iKjC) = λiδij , which could always be achieved by performing a unitary transformation on
K. We also have λi > 0 for all i because C is full rank and {|Ki〉〉}ri=1 are linearly independent. Using an orthonormal basis
{|i〉〉}d2i=1, where |i〉〉 = 1√λi |KiC〉〉 for 1 ≤ i ≤ r. We have
σ =
(
(λiδij) 0
0 0
)
, σ˙ =
((
〈〈KiC|K˙jC〉〉
√
λj
λi
+
√
λi
λj
〈〈K˙iC|KjC〉〉
)
(〈〈K˙iC|j′〉〉
√
λi)
(〈〈i′|K˙jC〉〉
√
λj) 0
)
, (E16)
σ˜ =
((
i〈〈KiC|KjD〉〉
√
λj
λi
− i
√
λi
λj
〈〈KiD|KjC〉〉
)
(−i〈〈KiD|j′〉〉
√
λi)
(i〈〈i′|KjD〉〉
√
λj) 0
)
, (E17)
where 1 ≤ i, j ≤ r and r + 1 ≤ i′, j ≤ d2. Then we can show Eqs. (42)-(44) in the main text.
Tr(Lσ[σ˙]σ˙) = 2
∑
i,j:λi+λj>0
|(σ˙)ij |2
λi + λj
= 2
r∑
i,j=1
∣∣〈〈KiC|K˙jC〉〉√λjλi +√ λiλj 〈〈K˙iC|KjC〉〉∣∣2
λi + λj
+ 4
d2∑
i′=r+1
r∑
j=1
|〈〈i′|K˙jC〉〉
√
λj |2
λj
= 4Tr(C†K˙†K˙C) + 2
r∑
i,j=1
∣∣〈〈KiC|K˙jC〉〉√λjλi +√ λiλj 〈〈K˙iC|KjC〉〉∣∣2
λi + λj
− 2 |〈〈KiC|K˙jC〉〉|
2
λi
= 4Tr(C†K˙†K˙C)− 2
r∑
i,j=1
|τ ′ij |2
λi + λj
= 4Tr(C†K˙†K˙C)− Tr(Lτ [τ ′]τ ′),
(E18)
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Tr(Lσ[σ˜]σ˜) = 2
∑
i,j:λi+λj>0
|(σ˜)ij |2
λi + λj
= 2
r∑
i,j=1
∣∣i〈〈KiC|KjD〉〉√λjλi − i√ λiλj 〈〈KiD|KjC〉〉∣∣2
λi + λj
+ 4
d2∑
i′=r+1
r∑
j=1
∣∣i〈〈i′|KjD〉〉√λj∣∣2
λj
= 4 + 2
r∑
i,j=1
∣∣i〈〈KiC|KjD〉〉√λjλi − i√ λiλj 〈〈KiD|KjC〉〉∣∣2
λi + λj
− 2 |〈〈KiC|KjD〉〉|
2
λi
= 4− 2
∑
ij
|τ˜ij |2
λi + λj
= 4− Tr(Lτ [τ˜ ]τ˜),
(E19)
and
Tr(Lσ[σ˙]σ˜) = 2
∑
i,j:λi+λj 6=0
σ˙ij σ˜ji
λi + λj
= 2
r∑
i,j=1
σ˙ij σ˜ji
λi + λj
+ 2
d2∑
i′=r+1
r∑
j=1
σ˙i′j σ˜ji′
λj
+ 2
d2∑
i′=r+1
r∑
j=1
σ˙ji′ σ˜i′j
λj
= −2Tr(C˜H) + 2
r∑
i,j=1
σ˙ij σ˜ji
λi + λj
+ 2i
r∑
i,j=1
〈〈KjD|KiC〉〉〈〈KiC|K˙jC〉〉
λi
− 〈〈K˙jC|KiC〉〉〈〈KiC|KjD〉〉
λi
= −2Tr(C˜H) + 2
r∑
i,j=1
τ ′ij τ˜ji
λi + λj
= −2Tr(C˜H) + Tr(Lτ [τ ′]τ˜).
(E20)
Therefore, we conclude that
FSQL(DL,ω) ≈ f(C, C˜) = 4Tr(C†K˙†K˙C)− Tr(Lτ [τ ′]τ ′) + (−2Tr(C˜H) + Tr(Lτ [τ
′]τ˜))2
Tr(Lτ [τ˜ ]τ˜)
. (E21)
Next, we want to show
max
C˜∈Hd
f(C, C˜) = min
h:β=0
4Tr(C†αC) (E22)
when C is full rank. To calculate the dual program of the RHS, we introduce a Hermitian matrix C˜ as a Lagrange multiplier of
β = 0 [90]. The Lagrange function is
L(C˜, h) = 4Tr(C†(K˙− ihK)†(K˙− ihK)C) + Tr(C˜(H +K†hK)), (E23)
then
min
h
L(C˜, h) = min
h
4Tr(C†(K˙− ihK)†(K˙− ihK)C) + Tr(C˜(H +K†hK))
= min
h
4Tr(C†K˙†K˙C) + 4Tr(τh2) + 4Tr(iC†K†hK˙C − iC†K˙†hKC) + Tr(C˜(H +K†hK))
= min
h
4Tr(C†K˙†K˙C) + 4Tr(τh2) + 4Tr(hT τ ′) + Tr(C˜H) + Tr(hT τ˜)
= 4Tr(C†K˙†K˙C) + Tr(C˜H)− 1
8
r∑
i,j=1
∣∣4τ ′ij + τ˜ij∣∣2
λi + λj
.
(E24)
The dual program is
max
C˜
min
h
L(C˜, h) = max
C˜
4Tr(C†K˙†K˙C) + Tr(C˜H)− 1
8
r∑
i,j=1
16|τ ′ij |2 + |τ˜ij |2 + 4(τ˜ijτ ′ji + τ˜jiτ ′ij)
λi + λj
= max
C˜,x
4Tr(C†K˙†K˙C) + xTr(C˜H)− 1
8
r∑
i,j=1
16|τ ′ij |2 + x2|τ˜ij |2 + 8xτ˜ijτ ′ji
λi + λj
= max
C˜
4Tr(C†K˙†K˙C)− 2
r∑
i,j=1
|τ ′ij |2
λi + λj
+
(
− Tr(C˜H) +∑ri,j=1 τ˜ijτ ′jiλi+λj )2
1
2
∑r
i,j=1
|τ˜ij |2
λi+λj
= max
C˜
f(C, C˜),
(E25)
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where we used the fact that C˜ ← xC˜ does not change the result. Eq. (E22) is then proved.
Moreover, the optimal C˜ in Eq. (E22) must be traceless. Suppose C˜ is optimal in Eq. (E22), we will prove that Tr(C˜) = 0.
Let z be a real number,
q(z) := f(C, C˜ + zCC†) =
s(z)2
t(z)
+ const. (E26)
Since maxz q(z) = q(0), we have q′(0) =
s(0)
t(0)2
(
2s′(0)t(0)− s(0)t′(0)) = 0.
s(z) = −Tr((C˜ + zCC†)H) +
r∑
i,j=1
(τ˜ij + zλiδij)τ
′
ij
λi + λj
, (E27)
s′(0) = −Tr(CC†H) +
r∑
i=1
1
2
τ ′ii = 0, (E28)
t(z) =
1
2
r∑
i,j=1
|τ˜ij + zλiδij |2
λi + λj
=
1
2
r∑
i,j=1
|τ˜ij |2 + zλiδij(τ˜∗ij + τ˜ij) + z2λ2i δij
λi + λj
, (E29)
t′(0) =
1
2
r∑
i,j=1
λiδij(τ˜
∗
ij + τ˜ij)
λi + λj
=
1
2
r∑
i=1
τ˜ii =
1
2
Tr(C˜). (E30)
Then q′(0) = 0 implies Tr(C˜) = 0.
Appendix F: Numerical algorithm to find the optimal code when HNKS is violated
1. Finding the optimal C
We first describe a numerical algorithm finding a full rank C such that Tr(C†C) = 1 and
min
h:β=0
4Tr(C†αC) > F(u)SQL(Eω)− η/2. (F1)
for any η > 0. We first note that F(u)SQL(Eω) = minh:β=0 4 ‖α‖ could be solved via the following SDP [28],
min
h
x, subject to

xId K˜
†
1 · · · K˜†r
K˜1 Id′ · · · 0
... 0
. . .
...
K˜r 0 · · · Id′
  0, β = 0. (F2)
where d and d′ are the input and output dimension of Eω , In is a n× n identity matrix and K˜ = K˙− ihK.
To find the full rank C, we first find a density matrix ρ such that
min
h:β=0
4Tr(ρα) = min
h:β=0
4 ‖α‖ . (F3)
It could be done via the following two-step algorithm [50]:
1) Find an h using the SDP (Eq. (F2)), such that α = α|h=h satisfies ‖α‖ = minh:β=0 ‖α‖.
2) Let Π be the projection onto the subspace spanned by all eigenstates corresponding to the largest eigenvalue of α, we find
an optimal density matrix ρ satisfying ΠρΠ = ρ and
Re[Tr(ρ(iK†δh)(K˙− ihK))] = 0, ∀δh ∈ Hr, s.t.K†δhK = 0. (F4)
Then C =
(
(1− η′)ρ + η′ Id
)1/2
where η′ = η/(2F(u)SQL(Eω)) is a full-rank matrix satisfying
min
h:β=0
4Tr(C†αC) ≥ (1− η′)F(u)SQL(Eω) = F(u)SQL(Eω)− η/2. (F5)
This two-step algorithm could also be used to find ρ whose purification is the optimal input state of a single quantum channel
Eω achieving F1(Eω):
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1) Find an h using the SDP in Eq. (F2) without the requirement β = 0, such that α = α|h=h satisfies ‖α ‖ = minh ‖α‖.
2) Let Π be the projection onto the subspace spanned by all eigenstates corresponding to the largest eigenvalue of α , we find
an optimal density matrix ρ satisfying Π ρ Π = ρ and
Re[Tr(ρ (iK†δh)(K˙− ih K))] = 0, ∀δh ∈ Hr. (F6)
Note that Ref. [35] provides another SDP algorithm which could be used to solve ρ and α .
2. Validity of the algorithm to find the optimal C
For completeness, we prove the validity of the above two-step algorithm. According to Sion’s minimax theorem [88, 89], for
convex compact sets P ⊂ Rm and Q ⊂ Rn and g : P ×Q→ R such that g(x, y) is a continuous convex (concave) function in
x (y) for every fixed y (x), then
max
y∈Q
min
x∈P
g(x, y) = min
x∈P
max
y∈Q
g(x, y). (F7)
In particular, if (xN, y ) is a solution of maxy∈Qminx∈P g(x, y), then there must exists an x such that (x , y ) is a saddle
point. Let (x , yN) be a solution of minx∈Pmaxy∈Q g(x, y). Then we must have
g(xN, y ) ≤ g(x , y ) ≤ g(x , yN). (F8)
According to Eq. (F7), g(xN, y ) = g(x , yN) and all equalities must hold for the above equation. Moreover,
g(x , y) ≤ g(x , y ) ≤ g(x, y ), ∀(x, y) ∈ P×Q, (F9)
which means (x , y ) is a saddle point. For example, we can take x = h ∈ Hr, y = CC† = ρ ∈ S(HP) and g(x, y) = 4Tr(ρα).
(We can also add the constraint β = 0 on h which does not affect our discussion below). Then the solution of the above
optimization problem is F1(Eω) (or FSQL(Eω) with the constraint β = 0). Note that we can always confine h in a compact
set such that the solutions are not altered and the minimax theorem is applicable [50]. Let (hN, ρ ) be any solution of the
optimization problem maxρ minh 4Tr(ρα). Then there exists an h such that (h , ρ ) is a saddle point. Similarly, if g(x , yN)
is a solution of minx∈Pmaxy∈Q g(x, y), which in our case is an SDP (Eq. (F2)). There must exists a y such that (x , y ) is a
saddle point. Let (h , ρN) be any solution of the optimization problem minh maxρ 4Tr(ρα). Then there exists an ρ such that
(h , ρ ) is a saddle point. Moreover, (h , ρ ) is a saddle point if and only if
(i) Tr(ρ α ) = ‖α ‖, ⇔ Tr(ρ α ) ≥ Tr(ρα ), ∀ρ.
(ii) Re[Tr(ρ (iK†δh)(K˙− ih K))] = 0, ∀δh ∈ Hr, ⇔ Tr(ρ α ) ≤ Tr(ρ α), ∀h.
It justifies the validity of the two-step algorithm we described above.
3. Finding the optimal C˜
Next, we describe how to find C˜ such that f(C, C˜) = maxC˜ f(C
, C˜) = minh:β=0 4Tr(C†αC). According to Appx. E,
f(C, C˜) = 4Tr(C†K˙†K˙C)− 2
r∑
i,j=1
|τ ′ij |2
λi + λj
+
(
− Tr(C˜H) +∑ri,j=1 τ˜ijτ ′jiλi+λj )2
1
2
∑r
i,j=1
|τ˜ij |2
λi+λj
, (F10)
where we have assumed τij = Tr(C†K
†
iKjC) = λiδij . For a fixed C, τ˜ is a linear function in C˜. We could always write
f(C, C˜) = f1(C) +
|〈〈C˜|f2(C)〉〉|2
〈〈C˜|f3(C)|C˜〉〉
, (F11)
where f1(C) ∈ R, f2(C) ∈ Cd×d is Hermitian and f3(C) ∈ Cd2×d2 is positive semidefinite. Moreover, |f2(C)〉〉 is in the
support of f3(C). f1,2,3(C) are functions of C only. According to Cauchy-Schwarz inequality,
max
C˜
f(C, C˜) = f1(C) + 〈〈f2(C)|f3(C)−1|f2(C)〉〉, (F12)
where the maximum is attained when |C˜〉〉 = f3(C)−1|f2(C)〉〉 and −1 here means the Moore-Penrose pseudoinverse. Therefore,
we take
|C˜〉〉 = f3(C)−1|f2(C)〉〉. (F13)
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Appendix G: Channel QFIs for the depolarizing channels
Here we calculate F1, FSQL and FHL for depolarizing channels
Nω(ρ) = (1− p)e− iω2 σzρe iω2 σz + pxσxe− iω2 σzρe iω2 σzσx
+ pyσye
− iω2 σzρe
iω
2 σzσy + pzσze
− iω2 σzρe
iω
2 σzσz =
4∑
i=1
KiρK
†
i ,
(G1)
where K1 =
√
1− pe− iω2 σz ,K2 = √pxσxe− iω2 σz ,K3 = √pyσye− iω2 σz ,K4 = √pzσze− iω2 σz .
K =

√
1− p√
pxσx√
pyσy√
pzσz
 e− iω2 σz , K˙ =

− i2
√
1− pσz
− 12
√
pxσy
1
2
√
pyσx
− i2
√
pz
 e− iω2 σz , (G2)
β = iK†(K˙− ihK) = 1
2
σz +K
†hK. (G3)
β = 0 ⇒
(1− p)h11 + pxh22 + pyh33 + pzh44 = 0,√
(1− p)px(h12 + h21) + i√pypzh34 − i√pypzh43 = 0,√
(1− p)py(h13 + h31)− i√pxpzh24 + i√pxpzh42 = 0,
1
2 +
√
(1− p)pz(h14 + h41) + i√pxpyh23 − i√pxpyh32 = 0.
(G4)
Clearly, HNKS is satisfied if and only if px = pz = 0 or py = pz = 0. It is easy to see that when hij = 0 for all i, j except h23,
h32, h14 and h41, α = ‖α‖ I , ‖α‖ takes its minimum and
‖α‖ = 1
4
+
√
(1− p)pz(h14 + h41) + i√pxpy(h23 − h32) + (1− p+ pz) |h14|2 + (px + py) |h23|2 (G5)
Then
F1(Nω) = 4 min
h
‖α‖ = 1− 4
(
pxpy
px + py
+
(1− p)pz
1− p+ pz
)
. (G6)
When HNKS is satisfied,
FHL(Nω) = 4 min
h
‖β‖2 = 1, (G7)
and when HNKS is violated,
FSQL(Nω) = 4 min
h:β=0
‖α‖ = −1 + 1
4
(
pxpy
px + py
+
(1− p)pz
1− p+ pz
)−1
. (G8)
